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Abstract: The gauge/gravity duality is used to investigate the imaginary part of the
heavy quark potential (defined via the rectangular Wilson loop) in strongly coupled plas-
mas. This quantity can be used to estimate the width of heavy quarkonia in a plasma
at strong coupling. In this paper the thermal worldsheet fluctuation method, proposed in
[J. Noronha and A. Dumitru, Phys. Rev. Lett. 103, 152304 (2009)], is revisited and general
conditions for the existence of an imaginary part for the heavy quark potential computed
within classical gravity models are obtained. We prove a general result that establishes
the connection between this imaginary part of the potential determined holographically
and the area law displayed by the Wilson loop in the vacuum of confining gauge theories.
We also determine the imaginary part of the heavy quark potential in a strongly coupled
plasma dual to Gauss-Bonnet gravity. This provides an estimate of how the thermal width
of heavy quarkonia changes with the shear viscosity to entropy density ratio, η/s, at strong
coupling.
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1 Introduction
One of the most important gauge invariant quantities defined in non-Abelian SU(Nc) gauge
theories [1, 2] is the Wilson loop
W (C) =
1
Nc
trP exp
[
ig
∮
C
Aˆµdx
µ
]
, (1.1)
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where C is a closed loop embedded in a 4-dimensional spacetime, P indicates path-ordering,
g is the coupling, Aˆµ is the non-Abelian gauge field potential operator while the trace is
performed over the fundamental representation of SU(Nc) (other representations can also
be used but we will use the fundamental representation in this paper). In particular, the
case where C is a rectangular loop of spatial length L and extended over T in the time
direction, as depicted in Fig. 1, has been extensively studied over the years. With this
contour, the limit T → ∞ of the vacuum expectation value of (1.1) gives
lim
T →∞
〈W (C)〉0 ∼ eiT VQQ¯(L), (1.2)
where VQQ¯(L) is known as the heavy quark potential (the vacuum interaction energy be-
tween two infinitely massive probes in the fundamental representation). In the vacuum of a
confining gauge theory 〈W (C)〉 should obey an area law defined by limL→∞ VQQ¯(L)/L = σ
with σ being the string tension [1].
L
τC
x
t
τ/2
L/2
Figure 1. The rectangular Wilson loop, along with the choice of the coordinate system used.
In the imaginary time formulation of thermal gauge theories [3], all bosonic fields are
required to be periodic (or anti-periodic in the case of fermionic fields) in the Euclidean time
τ with period β = 1/T and the order parameter for the deconfinement phase transition
in an SU(Nc) theory without dynamical fermions is characterized by the path ordered
Polyakov loop [4]
L(~x) =
1
Nc
P ei g
∫ 1/T
0 Aˆ0(~x,τ)dτ . (1.3)
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This operator becomes gauge invariant (up to a phase) after performing the trace. In a
pure gauge theory there are also global gauge transformations that are only periodic up
to an element of Z(Nc), which is the center of SU(Nc). In this case, tr L transforms as
a field of charge one under the global Z(Nc) symmetry, i.e., tr L → ei2pia/Nctr L where
a = 0, . . . , Nc− 1. Below Tc the system is Z(Nc) symmetric, which implies that 〈tr L〉 = 0.
Above Tc this global symmetry is spontaneously broken, 〈tr L〉 6= 0, and the system lands
in one of the possible Z(Nc) vacua. The thermal average of the Polyakov loop correlator
C(r, T ) ≡ 〈tr L†(r) tr L(0)〉 is associated with the difference in the free energy of the system
due to the inclusion of an infinitely heavy QQ¯ pair separated by a distance r in the medium
[5]. Such a formulation has been used to define a heavy quark potential at finite temperature
on the lattice [6, 7].
However, the rectangular Wilson loop can also be computed in gauge theories at finite
temperature. In this case, the expectation value of the Wilson loop operator for the
same rectangular contour can be evaluated in a thermal state of the gauge theory with
temperature T (in Minkowski spacetime) and the T → ∞ limit
lim
T →∞
〈W (C)〉 ∼ eiT VQQ¯(L,T ) (1.4)
defines a quantity VQQ¯(L, T ) which we call here the “heavy quark potential at finite tem-
perature”. In general, this heavy quark potential in QCD can have an imaginary part, as
shown in [8–11], while the quantity defined using the Polyakov loop correlator is neces-
sarily real. The imaginary part of the potential defines a thermal decay width which, at
weak coupling, is related to the imaginary part of the gluon self energy induced by Landau
damping and the QQ¯ color singlet to color octet thermal break up.
In this paper we shall elaborate on the method proposed in [12] to estimate the thermal
width of heavy quarkonia at strong coupling using worldsheet fluctuations of the Nambu-
Goto action associated with the heavy quark pair in the gauge/gravity duality [13]. In this
approach, the thermal width of heavy quarkonium states stems from the effect of thermal
fluctuations due to the interactions between the heavy quarks and the strongly coupled
medium. This is described holographically by integrating out thermal long wavelength
fluctuations in the path integral of the Nambu-Goto action in the curved background
spacetime. At sufficiently strong coupling, this calculation can be done analytically and a
simple formula for the imaginary part of the Wilson loop can be found in this approach
that is valid for any gauge theory that is holographically dual to classical gravity 1. The
formula is used to revisit the calculation of the thermal width in strongly coupled N = 4
Super Yang-Mills (SYM) theory done in [12]. Moreover, we compute the imaginary part
of the potential for a strongly-coupled conformal field theory (CFT) dual to Gauss-Bonnet
(GB) gravity. We also prove a general result that establishes the connection between the
thermal width and the presence of an area law for the Wilson loop at zero temperature in
1The background metric has to fulfill certain conditions for the method to be applicable. This is shown
in Section 2.
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gauge theories with gravity duals, which may be useful for the study of the imaginary part
of the heavy quark potential in confining gauge theories dual to gravity.
This paper is organized as follows. In the next section we will revisit the general
setup concerning the holographic calculation of Wilson loops. In section 3 we discuss the
holographic calculation of ReVQQ¯, which is necessary to derive our main formula for the
imaginary part of the potential in Section 4. In Section 5 we apply the formula to compute
the imaginary part in two different strongly coupled gauge theories with gravity duals. We
finish with our conclusions and outlook in Section 62.
2 Holographic setup
After the original calculation of the rectangular Wilson loop in the vacuum of strongly
coupledN = 4 SYM theory 3 by Maldacena [14] and its generalization to finite temperature
in [15, 16], rectangular Wilson loops have been extensively studied in strongly coupled gauge
theories using the gauge/gravity duality.
According to the gauge/gravity prescription [14], the expectation value of W (C) in a
strongly coupled gauge theory dual to a theory of gravity is
〈W (C)〉 ∼ Zstr, (2.1)
where Zstr is the generating functional of the string in the bulk which has the loop C at
the boundary. In the classical gravity approximation
Zstr ∼ eiSstr , (2.2)
where Sstr is the classical string action propagating in the bulk evaluated at an extremum,
δSstr = 0. In the case of a rectangular Wilson loop at nonzero T other extrema can become
relevant as one increases the value of LT [17]. In this paper we are only interested in deeply
bound states where LT < 1 and this question becomes less important4. In the classical
approximation the worldsheet action Sstr may be taken as the Nambu-Goto action
5
Sstr = SNG =
1
2piα′
∫
dσdτ
√
−det(Gµν∂aXµ∂bXν), (2.3)
where Xµ(τ, σ) are the worldsheet embedding coordinates, µ, ν = 0, 1, . . . , 4, a, b = σ, τ ,
and α′ = l2s , where ls is the string length.
2Other aspects of the calculations are presented in Appendices A to D.
3Note that in N = 4 SYM the Wilson loop operator also contains the 6 adjoint scalars.
4We shall come back to this point when discussing the calculation of the imaginary part later in Section
5 and also in Appendix D.
5For gravity duals derived within string theory, supersymmetry requires the presence of fermions on the
worldsheet but those only enter as an ~ correction to the action and can be neglected in the supergravity
limit in which α′ → 0.
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(a) (b)
Figure 2. The Maldacena prescription for the calculation of Wilson loops via the gauge/gravity
duality. In (a) we present the situation for an arbitrary loop C. In (b) we consider rectangular
Wilson loops with T → ∞. In both cases Uh is the position of the horizon of the black brane and
U∗ denotes the bottom of the sagging string in the bulk.
U=U
h
U → ∞U*
x
Figure 3. A slice of the string worldsheet for the rectangular Wilson loop at fixed time t.
Therefore, the Wilson loop in the strongly coupled gauge theory can be determined
using the classical solution of (2.3) which has the loop C as the boundary of the clas-
sical string worldsheet. For the case of rectangular Wilson loops one can then calculate
VQQ¯(L, T ) (see Fig. 2). We will consider an effective 5-dimensional curved spacetime, which
– 5 –
will describe the gravity model dual to the gauge theory6. Finite temperature effects are
taken into account by introducing a near-extremal black brane in the gravity dual and we
assume that the metric of the gravity dual has the following general form
ds2 = −G00(U)dt2 +Gxx(U)d~x2 +GUU (U)dU2, (2.4)
where ~x = (x, y, z) denotes the usual spatial coordinates while U is the radial direction. The
metric (2.4) is assumed to have an asymptotic boundary at U → ∞. The position of the
horizon of the black brane, Uh, is given by the (first simple) root ofG00(U) = 0 starting from
the boundary and we will also assume here that GUU (Uh) → ∞, with G00(Uh)GUU (Uh)
finite. The black brane temperature T (which is a function of the position of the horizon,
T = T (Uh)) corresponds to the temperature of the thermal bath in the gauge theory. Also,
note that the thermal state of the gauge theory considered here is assumed to be invariant
under spatial SO(3) rotations and the QQ¯ pair is at rest in the local rest frame of the
plasma.
3 Real part of the heavy quark potential
The calculation of the real part of the potential within the gauge/gravity duality is well-
known and can now be found in textbooks [18]. However, some of the formulas that appear
in this calculation will be used in the determination of the imaginary part of the potential
and thus, for the sake of completeness, we shall briefly review the necessary details here.
The reader who is familiar with this subject may skip it and go directly to Section 4.
For the rectangular Wilson loop, we choose the coordinate system shown in Fig. 1 in
which the string worldsheet coordinates are written in static gauge, Xµ = (t, x, 0, 0, U(x, t)),
τ = t and σ = x. Furthermore, since T → ∞, any slice of the worldsheet with constant t
has the same form (as shown in Fig. 2(b)) - this means that we can take U(x, t) = U(x).
We present a sketch of a fixed t slice of the string worldsheet in Fig. 3. With these choices
and the general metric (2.4), the action (2.3) takes the form
SNG =
T
2piα′
L/2∫
−L/2
dx
√
M(U(x))(U ′)2 + V (U(x)), (3.1)
where U ′ ≡ dU/dx, M(U) ≡ G00GUU and V (U) ≡ G00Gxx. For the models considered in
this work, we will always have M(U) > 0. The action (3) is only implicitly dependent on
x and, thus, the associated Hamiltonian is a constant of motion
HNG = V (U)√
M(U)(U ′)2 + V (U)
= const. =
√
V (U∗), (3.2)
6In the case of AdS × S5 we choose a fixed configuration in S5 for the compact string coordinates.
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where U∗ ≡ U(x = 0) and also U ′(0) = 0 (since the string has its minimum at x = 0). We
can solve (3.2) for U ′ and obtain
dU
dx
=
[
V (U)
M(U)
(
V (U)
V (U∗)
− 1
)]1/2
. (3.3)
Since the endpoints of the string are located at x = −L/2 and x = L/2, we integrate (3.3)
to obtain a relation between U∗ and L,
L
2
=
∞∫
U∗
dU
√
M(U)
[
V (U)
(
V (U)
V (U∗)
− 1
)]−1/2
. (3.4)
We may deduce another consequence of (3.3) which will be useful later. In fact, differen-
tiating (3.3) with respect to x and then setting x = 0 and U = U∗ one finds
U ′′(0) =
1
2
V ′(U∗)
M(U∗)
, (3.5)
where V ′(U) = dV (U)/dU . Since x = 0 is a minimum, U ′′(0) > 0, and one can see that
V ′(U∗) > 0.
Finally, we use (3.3) to obtain an expression for the action evaluated at the classical
solution of the equations of motion
Sstr =
T
piα′
∞∫
U∗
dU
√
M(U)
√
V (U)
V (U∗)
(
V (U)
V (U∗)
− 1
)−1/2
. (3.6)
The (yet to be regularized) real part of the heavy quark potential is simply given by
limT →∞ Sstr/T . The equations (3.4) and (3.6) (minus the regularization) solve the prob-
lem. To obtain ReVQQ¯ as a function of L and T we either eliminate U∗ from both equations
or, when this is not possible, parametrize both L and ReVQQ¯ as functions of U∗.
Note that (3.6) is UV divergent. This UV divergence, which is characteristic of Wilson
loops, appears in the holographic approach from the fact that the string must stretch from
the bulk to the boundary. Note that this is the same type of UV divergence found in
N = 4 SYM at T = 0 [14], which is to be expected since in thermal gauge theories all
UV divergences must come from the vacuum contribution [3]. This implies that the same
regularization chosen for the vacuum can be used to render the T 6= 0 potential finite. The
regularized real part of the potential at nonzero temperature can be written as
ReV reg
QQ¯
(L, T ) =
1
piα′
∫ ∞
U∗
dU
[√
M(U)
√
V (U)
V (U∗)
(
V (U)
V (U∗)
− 1
)−1/2
−
√
M0(U)
]
− 1
piα′
∫ U∗
0
dU
√
M0(U). (3.7)
where M0(U) = limU→∞M(U). This temperature independent regularization scheme for
the real part of the potential is well defined for any asymptotically AdS5 geometry, even
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in the case in which the dual gauge theory displays confinement at T = 0 (in the sense of
an area law for the rectangular Wilson loop in the vacuum)7.
The expectation value of the Polyakov loop |〈tr L〉| can be easily extracted from (3.7) by
assuming that when L→∞, U∗ → Uh and ReV regQQ¯ → 2F
reg
Q . This gives the (regularized)
heavy quark free energy
F regQ (T ) =
1
2piα′
∫ ∞
Uh
dU
[√
M(U)−
√
M0(U)
]
− 1
2piα′
∫ Uh
0
dU
√
M0(U) (3.8)
and the Polyakov loop |〈tr L(T )〉| = exp{−F regQ (T )/T}. While this simple procedure gives
the correct expression for F regQ (T ) [19, 20] in this type of gravity duals, we note that
other configurations for the string worldsheet besides the U-shaped one must be taken into
account when LT > 1 [17, 21]. In the following we will always consider the regularized
expressions for the quantities discussed above and, thus, the superscript “reg” will be
omitted from the formulas in the rest of the text.
For further use, let us also recall the properties that the background metric must
display in order for the rectangular Wilson loop to display an area law at T = 0 [22, 23].
For the general metric in Eq. (2.4), it was shown in [22, 23] that if there is a U0 such
that V (U) has a minimum or M(U0) diverges (with V (U0) 6= 0), then the theory linearly
confines with string tension σ = 12piα′
√
V (U0). As one pulls the quarks apart and L→∞,
the bottom of the classical string becomes flat at U0 and cannot penetrate any further into
the geometry. In the deconfined phase of a (T = 0 confining) gauge theory, however, U0 is
hidden by the horizon and σ = 0.
4 Thermal worldsheet fluctuations and the imaginary part of the heavy
quark potential in strongly coupled plasmas
We now generalize the procedure proposed in [12] to extract the imaginary part of heavy
quark potential, ImVQQ¯, using the gauge/gravity correspondence. After deriving a formula
for ImVQQ¯ using the saddle point approximation, we discuss its limitations and present
some general conditions for the existence of such an imaginary part in this setup. We
remark that other approaches have been proposed to extract the imaginary part of the
potential using holography in [24, 25]. These different methods give results that are qual-
itatively equivalent in the case of N = 4 SYM theory. The method discussed in detail in
this section has the advantage of being of easy implementation in comparison to the other
7As explained in [17], the regularization scheme involving the subtraction of the contribution coming
from two “straight” strings running from Uh to U → ∞ is temperature dependent. Moreover, since the
connected U-shaped contribution to the potential is of order N0c and this kind of disconnected contribution
involving the two straight strings is of order N2c [17], it becomes problematic to use the latter to regularize
the heavy quark potential in the large Nc limit where these classical gravity calculations are performed.
Therefore, in this paper we opted to use the expression in Eq. (3.7), which is well defined in the large Nc
limit.
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schemes since ImVQQ¯ for a generic gravity dual (2.4) can be directly computed using the
formula in Eq. (4.15) derived below.
4.1 The saddle point approximation
In the previous section, we saw that the classical solution to the Nambu-Goto action
(2.3) can be used to compute the real part of the heavy quark potential. To extract
ImVQQ¯(L, T ) we have to consider the effect of thermal worldsheet fluctuations about the
classical configuration U = Uc(x). Such fluctuations, although taken here to be small,
may turn the integrand of (3) negative near x = 0 and generate an imaginary part for the
effective string action. The corresponding physical picture is that some part of the string,
through thermal fluctuations, may reach the horizon (see Fig. 4).
U= U
h
U
* U → ∞
Figure 4. An illustration of the effect of thermal fluctuations (dashed line) around the classical
string configuration (solid line). If the bottom of the classical string solution is close enough to the
horizon, thermal worldsheet fluctuations of very long wavelength may be able to reach the black
brane horizon at Uh.
Therefore, we shall consider the effect of worldsheet fluctuations δU(x) (δU(±L/2) =
0) around the classical configuration Uc(x)
U(x) = Uc(x)→ U(x) = Uc(x) + δU(x). (4.1)
The classical configuration Uc(x) solves δSNG = 0. For simplicity, the fluctuations δU(x)
are taken to be of arbitrarily long wavelength, i.e., d δU(x)dx → 0. The string partition
– 9 –
function that takes into account the fluctuations is then
Zstr ∼
∫
DδU(x)eiSNG(Uc(x)+δU(x)). (4.2)
If δU(x) is such that the integrand in SNG acquires an imaginary part then, by considering
(1.4) through (2.2), ImVQQ¯(L, T ) 6= 0. Note that we are assuming that the fluctuations
are not strong enough to allow for transitions to different classical extrema of Zstr.
We proceed by dividing the interval −L/2 < x < L/2 into 2N points xj = j∆x
(j = −N,−N + 1, . . . , N) with ∆x ≡ L/(2N) and then take the N →∞ limit in the end
of the calculation. Then, Zstr becomes
Zstr ∼ lim
N→∞
∫
d[δU(x−N )] . . . d[δU(xN )] exp
iT ∆x
2piα′
∑
j
√
M(Uj)(U ′j)2 + V (Uj)
, (4.3)
where Uj ≡ U(xj) and U ′j ≡ U ′(xj). The thermal fluctuations are most important around
x = 0 where U = U∗, which means that it is reasonable to expand Uc(xj) around x = 0
and keep only terms up to second order in xj . Since U
′
c(0) = 0 we have that
Uc(xj) ≈ U∗ +
x2j
2
U ′′c (0). (4.4)
Next, as we are considering only small fluctuations around the classical configuration, we
expand V (U(xj)) = V (Uc(xj)+δU(xj)) in xj and δU , keeping only the terms up to second
order in the monomial xmj δU
n
V (Uj) ≈ V∗ + δUV ′∗ + U ′′c (0)V ′∗
x2j
2
+
δU2
2
V ′′∗ , (4.5)
where V∗ ≡ V (U∗), V ′∗ ≡ V ′(U∗), and etc. The function M(U) admits the same expansion
as V (U) but, in the action (3.1), M(U) appears only via M(U)(U ′(x))2. Using (4.4)
we see that U ′(x) ≈ xjU ′′c (0) and, therefore, U ′(x)2 is already a term of second order
in xmj δU
n. Then, we consider only the zeroth order term in the expansion of M(U),
i.e., M(U) ≈ M(U∗). Combining this with Eqs. (4.4) and (4.5) we can approximate the
exponent in (4.3) as
SNGj =
T ∆x
2piα′
√
C1x2j + C2 (4.6)
where
C1 =
U ′′c (0)
2
[
2M∗U ′′c (0) + V
′
∗
]
(4.7)
and
C2 = V∗ + δUV ′∗ +
δU2
2
V ′′∗ , (4.8)
where we defined M∗ ≡M(U∗). Since U ′′c (0) > 0 and M,V ′∗ > 0, one sees that C1 > 0.
If the function in the square root of (4.6) is negative then SNGj contributes to ImVQQ¯(L, T ) 6=
0. The next step consists in determining when this happens and what the corresponding
– 10 –
contribution to Zstr is. In order to do that, let us isolate the j-th such contribution to Zstr
Ij ≡
δUjmax∫
δUjmin
d(δUj) exp
[
i
T ∆x
2piα′
√
C1x2j + C2
]
, (4.9)
where δUjmin, δUjmax are the roots of C1x
2
j+C2 in δU . For δUjmin < δU < δUjmax we have
C1x
2
j +C2 < 0, which means that (4.9) is exactly the contribution to ImVQQ¯(L, T ) 6= 0 we
were looking for - the total contribution for all xj is
∏
j Ij .
The integral in (4.9) can be evaluated using the saddle point method in the classical
gravity approximation where α′  1. The exponent has a stationary point when the
function
D(δUj) ≡ C1x2j + C2(δUj) (4.10)
assumes an extremal value. This happens for
δU = − V
′∗
V ′′∗
. (4.11)
Requiring that the square root has an imaginary part implies that D(δUj) < 0 → −xc <
xj < xc where
xc =
√
1
C1
[
V ′2∗
2V ′′∗
− V∗
]
. (4.12)
We take xc = 0 if the square root in (4.12) is not real. Under these conditions, we can
approximate D(δU) by D(−V ′∗/V ′′∗ ) in (4.9)
Ij ∼ exp
[
i
T ∆x
2piα′
√
C1x2j + V∗ −
V ′2∗
2V ′′∗
]
. (4.13)
Since the total contribution to the imaginary part is given by
∏
j Ij , returning to the
continuum limit and invoking the prescription (2.1), we find
ImVQQ¯ = −
1
2piα′
∫
|x|<xc
dx
√
−x2C1 − V∗ + V
′2∗
2V ′′∗
. (4.14)
Evaluating the integral in (4.14) and using (3.5) and (4.7) we finally find a closed expression
for ImVQQ¯
ImVQQ¯ = −
1
2
√
2α′
√
M∗
[
V ′∗
2V ′′∗
− V∗
V ′∗
]
. (4.15)
Eq. (4.15) reduces to the result derived in [12] where it was assumed that the back-
ground metric was such that M(U) = 1. The only difference between the general formula
in (4.15) and the previous one found in [12] is the presence of the factor
√
M∗ (M gives
an idea of how much warped the space-time is in the bulk). Also, note that ImVQQ¯ is
– 11 –
UV finite. Moreover, the fluctuations also change the real part of the potential. This is
discussed in Appendix A.
An important condition that must be satisfied in order for the saddle point calculation
shown here to be applicable is V ′′∗ 6= 0. If V ′′∗ = 0 then (4.10) does not have extrema and
higher orders terms in δU must be kept in the expansion (4.5) for V , which signals the
breakdown of the saddle point approximation.
Finally, an alternative derivation of the imaginary part of VQQ¯ using a covariant back-
ground expansion of the Nambu-Goto action is given in Appendix A.
4.2 The relationship between ImVQQ¯, confinement, and the black brane
A first glance into the derivation of Eq. (4.15) may give the misleading idea that the
presence of a black brane is not necessary in order to have ImVQQ¯ 6= 0. However, the
absence of a black brane implies that ImVQQ¯ = 0, as we shall explain below. Moreover,
when the metric satisfies the conditions for the presence of an area law for the rectangular
Wilson loop mentioned in Section 3 one can show that ImVQQ¯(L→∞) = 0. These results
are exact within the semiclassical approximation used for the string partition function in
Eq. (4.2).
The existence of a black brane is necessary for ImVQQ¯ 6= 0
As mentioned in Section 2, for the general metric in Eq. (2.4) G00(Uh) = 0 and GUU (Uh)→
∞, with G00(Uh)GUU (Uh) being finite. Therefore, M(U) is finite and positive for every U
and V (U) > 0 if U > Uh, but V (Uh) = 0. The important point here is that for U < Uh it
is possible that V (U) < 0.
In (4.2), requiring that the square root possesses an imaginary part means that K(U) ≡
M(U)(U ′)2 +V (U) < 0 for some U . Since M(U), V (U) > 0 for U > Uh, for any worldsheet
fluctuation δU such that U(x) = Uc(x) + δU(x) > Uh one has K > 0 for every x ∈
[−L/2, L/2]. However, if the fluctuation is such that U < Uh, V (U) may be negative
and K(U(x)) < 0 for some interval in x even though M(U) > 0. In other words, if the
worldsheet fluctuations are such that a portion of the string reaches the horizon and probes
the black brane, then an imaginary part for the heavy quark potential may be generated.
This is illustrated in Fig. 4. Therefore, in this approach an imaginary part for VQQ¯ appears
when we consider worldsheet fluctuations in which δU < 0.
On the other hand, if a black brane horizon is not present and the metric (2.4) is
regular everywhere we have that G00, GUU is positive for every U > 0. Then, we have
M(U), V (U) > 0 and, thus, K(U) > 0 for every U > 0. This implies that ImVQQ¯ = 0,
exactly. Therefore, in our approach the heavy quark potential can develop an imaginary
part due to the thermal worldsheet fluctuations induced by the presence of a black brane.
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If the rectangular Wilson loop displays an area law then ImVQQ¯(L→∞) = 0
Suppose that M(U) diverges at the confinement scale U0 (with V (U0) 6= 0). In this case,
for large L we have U∗ ∼ U0. Moreover, in this case when L → ∞ the string worldsheet
lays nearly flat at U0. We may write Uc(x) ∼ U0 − , where  U0. Finally, since M(U0)
is large we may neglect the second term in the expression of K(U). Therefore, for long
wavelength fluctuations δU ′ = 0 the Nambu-Goto action in (4.2) takes the form
SNG ≈ T
2piα′
L/2∫
−L/2
dxU0
√
M(U0 − + δU). (4.16)
Note that now we cannot consider fluctuations such that δU >  since then we would be
taking M past its divergence. Therefore, only fluctuations with δU <  are allowed in this
case. However, note that this implies that M > 0 and, thus, the square root that appears
in the evaluation of the potential is always real. Therefore, in this situation ImVQQ¯ = 0.
Alternatively, suppose now that M does not diverge at U0 but rather that V (U) has a
minimum at U0. For small fluctuations about Uc(x) = U0 where U
′
c(0) = U
′′
c (0) = . . . = 0
(since the string lays nearly flat at U0) one finds
V (U0 + δU) ≈ V (U0) + 1
2
V ′′(U0)δU2, (4.17)
where V ′′(U0) > 0. Thus, V (U) > 0 in the neighborhood of U = U0, x = 0 and K(U) > 0.
Therefore, SNG is real and ImVQQ¯ = 0. We then conclude that ImVQQ¯(L → ∞) = 0 if
the background metric is such that the rectangular Wilson loop displays an area law.
We may summarize these results as follows. Suppose that U0 is the value of the U
coordinate at which the metric satisfies the conditions for confinement and that Uh is the
position of the black brane horizon. If U0 > Uh then the classical string cannot go past U0.
As discussed above, we cannot consider fluctuations beyond U0. Effectively, U0 acts as a
“barrier” for the classical string. However, if Uh > U0, the horizon hides this barrier and
we may have fluctuations that reach Uh. Both cases are sketched in Fig. 5.
4.3 Using ImVQQ¯ to estimate the thermal width of heavy quarkonia at strong
coupling
In the next section we will compute ImVQQ¯ in two different conformal plasmas using the
prescription derived above. To estimate the thermal width ΓQQ¯ of the heavy QQ¯ pair we
will use a first-order non-relativistic expansion
ΓQQ¯ = −〈ψ|ImVQQ¯(L, T )|ψ〉, (4.18)
where
〈~r|ψ〉 = 1√
pia
3/2
0
e−r/a0 (4.19)
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is the ground-state wave function of a particle in a Coulomb-like potential of the form
V (L) = −K/L and a0 = 2/(mQK) is the Bohr radius (mQ is the mass of the heavy quark
Q such that mQ/T  1). Even though the real part of the potential at finite temperature
for the cases studied here is not given by just the ∼ 1/L term, this provides the leading
contribution for the potential between deeply bound QQ¯ states in a conformal plasma,
which justifies the use of Coulomb-like wave functions to determine the width. Moreover,
in potential models of the bottomonium spectrum, the Υ(1S) state is mostly bound due
to the Coulomb part of the Cornell potential. The thermal width is then given by
ΓQQ¯ = −
4
a30
∫ ∞
0
dLL2e−2L/a0 ImVQQ¯(L, T ) . (4.20)
Actually, as it will be discussed shortly, we should take (4.20) as representing a lower bound
for the heavy quarkonia thermal width computed within the thermal worldsheet fluctuation
method presented here.
U
0
U
* U → ∞UhU0 U → ∞Uh(a) (b)
Figure 5. An illustration of the relationship between thermal worldsheet fluctuations and confine-
ment. Fig. 5(a) shows that when U0 > Uh the classical string worldsheet, even with the inclusion of
thermal fluctuations, cannot go beyond U0. On the other hand, Fig. 5(b) shows that when U0 < Uh
the horizon hides the “barrier” at U0 and the thermal fluctuations can reach the horizon.
5 Calculation of ImVQQ¯ in some gravity duals
An overview of the models
Using the general framework described in the previous section, we shall now study the
imaginary part of the heavy quark potential and the corresponding heavy quarkonia ther-
mal width in two different strongly coupled plasmas dual to theories of classical gravity.
In particular, we will consider the following models:
1. Strongly coupled, thermal N = 4 SYM at large Nc. This case was already studied
in [12] but here we shall perform a more complete study of the imaginary part of the
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potential and revisit the estimate for the thermal width of heavy quarkonia at strong
coupling done in [12].
2. Gauss-Bonnet gravity [26–28]. This model includes R2µνλρ terms in the gravity dual
action corresponding to higher order derivative corrections to the supergravity action.
In Appendix C we discuss some other results involving Wilson loops and compute
ImVQQ¯ for simple models of non-conformal strongly plasmas.
5.1 N = 4 SYM
The metric for a near-extremal black-brane in AdS5 × S5 is given by
ds2 = −U
2
R2
f(U)dt2 +
U2
R2
d~x2 +
R2
U2
1
f(U)
dU2 +R2dΩ25, (5.1)
where R is the common radius of S5 and AdS5, f(U) ≡ 1 − U4h/U4, dΩ25 corresponds to
the S5 part of metric and, as before, Uh is the position of the black brane horizon. The
boundary gauge theory is N = 4 SYM with Nc → ∞. The ’t Hooft coupling in this
strongly coupled gauge theory is given by λ = R4/α′2  1. The temperature of the black
brane (and of the dual gauge theory) is given by
T =
Uh
piR2
. (5.2)
In the following we always choose a fixed configuration for the string coordinates in S5 and,
thus, all the calculations are effectively done only using the AdS5 piece. For this metric
M(U) = 1 and V (U) = (U4 − U4h)/R4.
Heavy quark potential in the vacuum
The expressions for L (3.4) and Snreg (3.6) turn, in this case, into
L
2
=
R2
U∗
∞∫
1
dy
1
y2
√
y4 − 1 and (5.3)
Snreg =
T
piα′
U∗
∞∫
1
dy
y2√
y4 − 1 . (5.4)
where we made the change of variables U → y = U/U∗. Note that the integral (5.4)
diverges linearly when y → ∞ and this is the UV divergence we already expected. The
regularized potential is
VQQ¯ =
U∗
piα′
 ∞∫
1
dy
(
y2√
y4 − 1 − 1
)
− 1
 . (5.5)
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The integrals in (5.3) and (5.5) can be done in terms of the beta function, as described
in Appendix B. After integration, one obtains
L =
R2
U∗
2
√
2pipi
Γ(1/4)2
(5.6)
and
VQQ¯ = −U∗
√
2pi
α′Γ(1/4)2
. (5.7)
In this particular case, it is possible to eliminate the parameter U∗ from (5.6) and (5.7) to
obtain the potential as an explicit function of L [14]
VQQ¯ = −
4pi2
Γ(1/4)4
R2
α′
1
L
. (5.8)
From (5.8) we obtain an estimate for the Bohr radius that will be used throughout
this work, a0 = Γ(1/4)
4/(mQ2pi
2
√
λ). For the case of a bottom quark mb ∼ 4.7 GeV and,
using λ = 9 [29], one finds a0 ∼ 0.6 GeV−1.
Thermal N = 4 SYM
We start by computing the heavy quark free energy from Eq. (3.8). For its regularization
we use half of the regularization term used for the potential at T = 0, which gives
FQ = − Uh
2piα′
. (5.9)
Using (5.2) we can write (5.10) as
FQ
T
= −
√
λ
2
. (5.10)
This result [15, 16] is consistent with the fact that the only scale available in the calculation
of the Polyakov loop in a thermal N = 4 SYM theory is the temperature T .
For the rectangular Wilson loop at finite T we use the same regularization employed
for the T = 0 case. The resulting expressions for L and ReVQQ¯ may be written as [15, 16]
LT (yh) =
2
pi
yh
√
1− y4h
∞∫
1
dy√
(y4 − y4h)(y4 − 1)
(5.11)
ReVQQ¯(yh)
T
=
R2
α′
1
yh
 ∞∫
1
dy
√y4 − y4h
y4 − 1 − 1
− 1
 (5.12)
where yh ≡ Uh/U∗ and 0 < yh < 1.
These integrals can be calculated in terms of hypergeometric functions [24] as shown
in Appendix B. One finds that
LT (yh) =
2
√
2pi
Γ(1/4)2
yh
√
1− y4h 2F1
[
1
2
,
3
4
;
5
4
; y4h
]
and (5.13)
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ReVQQ¯
T
= −R
2
α′
√
2pi3
Γ(1/4)2
1
yh
2F1
[
−1
2
,−1
4
;
1
4
; y4h
]
. (5.14)
These equations cannot be solved exactly and must be analyzed as a function of yh. How-
ever, when LT  1 it is possible to expand both expressions in powers of (LT )4, obtaining,
to first order (Appendix B)
ReVQQ¯
T
= − 4pi
2
√
λ
Γ(1/4)4LT
[
1 + c(LT )4
]
, (5.15)
where
c =
3
5 · 27pi2 Γ(1/4)
8. (5.16)
The fact that the potential only depends on the combination LT is expected since N = 4
SYM is a conformal plasma.
Let us examine (5.13). In Fig. 6 we plot LT as a function of yh. One sees that there
is a maximum value of yh, yh,max = 0.85, and that LT is a decreasing function of yh for
yh > yh,max. Physically, this means that for yh > yh,max, one has to take into account highly
curved configurations for the string worldsheet which are not solutions of the Nambu-Goto
action but are important for yh > yh,max [17]. In fact, a calculation of the curvature scalar
associated with the worldsheet metric in Appendix D shows that it diverges for yh → 1.
Therefore, we can only trust this U-shaped classical solution up to yh,max. For further
reference, the corresponding value of LT is LTmax = LT (yh,max) ∼ 0.28. From Fig. 6 we
also see that for yh ∼ 0, LT ≈ byh, where b = 2
√
2pi/Γ(1/4)2 ∼ 0.38.
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hL
Figure 6. LT as a function of yh for the case of N = 4 SYM at strong coupling. For yh > yh,max ∼
0.85 the solution of the classical Nambu-Goto action is not the dominant configuration and other
connected configurations must also be taken into account [17].
We show in Fig. 7 the real part of the potential ReVQQ¯/T computed in an analogous
fashion (using only the allowed interval 0 < yh < yh,max), along with the vacuum result
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(5.8) and the LT  1 approximation (5.15). One can see that the vacuum contribution is
very close to the thermal one. Also, the LT  1 approximation is excellent for all values
of LT in the allowed interval.
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Figure 7. The potential ReVQQ¯/T for strongly coupled N = 4 SYM (normalized by the ’t Hooft
coupling
√
λ) as a function of LT , considering the exact solution given by (5.13) and (5.14) (solid
black curve), the approximation (5.15) valid for LT  1 (dotted-dashed red curve), and the vacuum
limit given by (5.8) (dashed blue curve).
Estimating the Debye mass
We now shall describe a way to estimate the Debye screening mass mD directly from the
real part of the heavy quark potential. This approach is simple and driven primarily by
phenomenological reasons. Yet, it provides results qualitatively similar to more refined
estimates involving, for example, the lightest CT-odd supergravity mode [17].
One may define the Debye mass mD(T ) as the screening mass in the QQ¯ potential of
the Karsch-Merh-Satz (KMS) model [30]
ReVQQ¯(L, T )√
λ
= −C˜1 e
−mD(T )L
L
+
σ
mD
(
1− e−mD(T )L
)
+ C˜2, (5.17)
where C˜1 is a Coulomb coupling constant, C˜2 is a constant that appears due to the reg-
ularization procedure, and σ is the string tension (normalized by
√
λ). The model (5.17)
describes, for mD ∼ 0, a Cornell-like potential and, for σ → 0 but mD 6= 0, a Debye
screened Coulomb potential. For nonzero mD and σ the result interpolates between both
limits. For a conformal field theory, such as N = 4 SYM, we can take σ = 0. Also, we
know that in such theories ReVQQ¯/T can only depend on LT . With this in mind, we write
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(5.17) in the form
ReVQQ¯√
λT
= −C˜1 e
−mD
T
(LT )
(LT )δ
+ C˜2, (5.18)
where mD/T must be a temperature independent constant in a conformal plasma and δ
is an adjustable parameter. A similar function has been used to fit lattice data for the
potential (see the review in [7]).
In the following we will use (5.18) to obtain an estimate for mD through a fit to the
numerical results for ReVQQ¯/T as a function LT . However, we must stress that this is
only a very rough estimate. First, equation (5.17) is only a phenomenological model for the
effect of Debye screening in non-Abelian gauge theories. Second, and most importantly,
the solution (5.13) and (5.14) imply that ReVQQ¯/T computed using the classical string
does not show exponential screening. This can be easily seen using a property of the
derivative of the hypergeometric function (as discussed in Appendix B). Nevertheless, this
is a very simple way to estimate mD and moreover (5.18) provides a reasonable description
of ReVQQ¯/T .
The numerical procedure is to fit (5.18) to the exact result given by (5.13) and (5.14)
using C˜1, δ, and mD as fitting parameters (C˜2 = −1 is fixed by our regularization proce-
dure). We obtain
mD/T = 11.92 C˜1 = 0.72 , δ = 0.74 . (5.19)
The exact result and the fitted function are shown in Fig. 8. As a comparison, the calcula-
tion of the screening mass using the lightest CT-odd mode of type IIB supergravity gives
mD/T = 10.694 [17].
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Figure 8. A comparison of the exact result for ReVQQ¯/T (solid black curve) and the fitted function
(5.18) (dashed blue curve) for strongly coupled N = 4 SYM.
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Imaginary part of the heavy quark potential in N = 4 SYM
From the general formula in Eq. (4.15) we obtain
ImVQQ¯
T
= − pi
√
λ
24
√
2
3y4h − 1
yh
. (5.20)
The condition ImVQQ¯ < 0 implies yh > yh,min = 3
−1/4 ≈ 0.760. This translates into
LT > LTmin = 0.266. For LT < LTmin, ImVQQ¯ = 0. As before, we can trust this solution
only if yh < yh,max. For yh > yh,max we should consider other connected contributions and
the formalism developed above to determine ImVQQ¯ is not valid. It should also be noted
that ImVQQ¯/T depends only on LT (via yh), as expected to occur in a conformal plasma.
One can now use (5.11) and (5.20) to determine the behavior of ImVQQ¯/T as a function
of LT . This is shown in Fig. 9 considering only LT < LTmax. We also show the result
obtained using the approximation LT ≈ byh, which ignores the fact that we should trust
(5.20) only for yh < yh,max (in this case the root of (5.20) is shifted to the right).
0.22 0.24 0.26 0.28 0.30 0.32
-0.07
-0.06
-0.05
-0.04
-0.03
-0.02
-0.01
0.00
LT
Im
V Q
Q
HT
Λ
12
L
Figure 9. The imaginary part of ImVQQ¯/T as a function of LT . The solid black curve is the
result using equation (5.11) to eliminate yh, considering only LT < LTmax. The dashed blue curve
is obtained using the approximation byh ∼ LT , which ignores the fact that one should not trust
(5.20) when LT > LTmax. Using this approximation, the root of (5.20) is shifted to the right.
From Fig. 9 we conclude that we are only able to reliably calculate ImVQQ¯ using (5.20)
in a small range of LT . The approximation byh ∼ LT is poor for two reasons. First, it is
being used in a region of yh near yh,max. Second, the extrapolation performed in the region
yh > yh,max is done beyond the trusted region for yh. Nevertheless, the linear behavior of
ImVQQ¯ seen in Fig. 9 agrees, qualitatively, with other calculations for ImVQQ¯ [24, 25].
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Estimating ΓQQ¯ for the Υ(1S) state in a strongly coupled N = 4 SYM plasma
We may rewrite the estimate (4.20) in a dimensionless form
ΓQQ¯
T
= − 4
(Ta0)3
∞∫
0
dw e
− 2w
Ta0w2
ImVQQ¯
T
(w), (5.21)
where w = LT . In the case of N = 4 SYM, since ImVQQ¯/T is only a function of w =
LT the only dependence of ΓQQ¯/T on the temperature is via the weight factor ρ(w) =
exp (−2w/Ta0)w2. The position of the “strip” in Fig. 9 is independent of Ta0. Note that
as we increase (decrease) T , ρ(w) shifts to the right (left, respectively).
We will adopt two approaches to estimate the thermal width. The first one consists of
using only the “strip” in Fig. 9 - this means that we will neglect the region LT > LTmax
where our framework does not provide ImVQQ¯. We call this the “conservative” approach.
The second one consists in using the approximation LT ∼ byh in (5.20), ignoring the
fact that for LT ∼ LTmax this approximation ceases to be valid - this will be called the
“extrapolation”.8
In Fig. 10 we show ΓQQ¯/T for the Υ(1S) state as a function of Ta0 for λ = 9. We see
that the conservative approach gives a thermal width that can be three orders of magnitude
smaller than that computed using the extrapolation. For a0 ∼ 0.6 GeV−1, T ∼ 0.5 GeV,
the thermal width varies from 0.5 MeV to 1.5 GeV between the conservative approach and
the extrapolation. Therefore, the extrapolation considerably overestimates the thermal
width while the conservative approach only gives a lower bound for this quantity.
The result for the conservative approach, shown in more detail in Fig. 11, can be
understood qualitatively as follows: the weight factor ρ(w) samples only the small region
of LT in which ImVQQ¯ 6= 0. As one increases the temperature, ρ(w) shifts to the right.
For LTmin,max ∼ Ta0 the overlap between ρ(w) and ImVQQ¯ 6= 0 happens at the maximum
of ρ(w) at w = Ta0 - this corresponds to the maximum in Fig. 10. By increasing T
even further, the overlap occurs before the maximum of ρ(w) and ΓQQ¯ decreases. The
temperature dependence of ΓQQ¯/T found in this case is qualitatively similar to that found
in recent lattice calculations [31].
5.2 Gauss-Bonnet gravity
Action and metric
We now consider a class of bulk theories that includes curvature squared corrections to
the supergravity action for which the conjectured viscosity bound η/s ≥ 1/4pi [32] can be
8The authors of [12] used this second approximation. However, the fact that we must impose ImVQQ¯ < 0
was not considered - the expression (5.20) was used (for a fixed T ) from L = 0 to L → ∞ instead from
Lmin to Lmax. Excluding from the integration the region 0 < L < Lmin we obtain that the estimate of
ΓΥ(1S) in [12] is increased from 48 MeV to 165 MeV.
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Figure 10. The thermal width ΓQQ¯ of the Υ(1S) state in N = 4 SYM divided by the temperature
T as a function of Ta0 in a logarithmic scale (the t’Hooft coupling is λ = 9). The solid black curve
corresponds to the conservative approach and the dashed blue curve is the extrapolation explained
in the text.
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Figure 11. The same as in Fig. 10 but this time the result for the conservative approach is shown
in detail.
violated. The action for these models, called Gauss-Bonnet gravity [26–28], is
S =
1
16piG5
∫
d5x
√−G
[(
R+ 12
R2
)
+
+
λGB
2
R2
(R2 − 4RµνRµν +RµνρσRµνρσ)] , (5.22)
where G5 is the five dimensional Newton constant, Rµνρσ is the Riemann tensor, Rµν is
the Ricci tensor, R is the Ricci scalar, and λGB is a constant. The first parenthesis is
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the usual Einstein-Hilbert + cosmological constant action. The second parenthesis gives
the curvature squared corrections. For this particular choice of curvature squared correc-
tions, metric fluctuations in a given background have the same quadratic terms as Einstein
gravity. The action (5.22) has an exact black-brane solution [33] given by
ds2 = −a2fGB(U)dt2 + U
2
R2
d~x2 +
dU2
fGB(U)
, (5.23)
where
a2 =
1
2
(
1 +
√
1− 4λGB
)
and (5.24)
fGB(U) =
U2
R2
1
2λGB
1−√1− 4λGB (1− U4h
U4
) . (5.25)
The black brane horizon is the simple root of fGB(U), Uh. The plasma temperature is
T = aUh/(piR
2). From (5.23) we see that the AdS radius is given by aR instead of just
R. In particular, the ’t Hooft coupling of the dual strongly coupled CFT is given by
λ = a4R4/α′. The functional form of a and fGB implies that λGB < 1/4. However, in
practice λGB ≤ 9/100 to avoid causality violation at the boundary [34, 35].
The constant λGB is related to the ratio of the shear viscosity η and the entropy density
s by [34–36]
η
s
=
1
4pi
(1− 4λGB). (5.26)
For λGB > 0 the viscosity bound for gauge theories with gravity duals, η/s > 1/4pi, is
violated. The constraint λGB ≤ 9/100 implies that 4piηs ≥ 16/25.
The evaluation of the real part of the heavy quark potential in the strongly coupled
plasma dual to Gauss-Bonnet gravity (5.23) was already performed in [37] (see also [38, 39]).
In this section we extend the analysis of [37] to include the numerical evaluation of ReVQQ¯
and also the calculation of the imaginary part of the potential using the worldsheet fluc-
tuation method. Moreover, we give an estimate of the dependence of the Debye screening
mass in this theory as a function of η/s.
Polyakov loop and the real part of the heavy quark potential
Using the formulas (3.4), (3.7), and (3.8) one obtains for the regularized heavy quark free
energy
FQ
T
= −R
2
2α′
= −
√
λ
2a2
(5.27)
while
LT (yh) =
2a
pi
yh
√
2f¯GB(1, yh)λGB
∞∫
1
[
y8f¯GB(1, yh)
2 − y4f¯GB(y, yh)f¯GB(1, yh)
]−1/2
(5.28)
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and the real part of the heavy quark potential is given by
ReVQQ¯
T
=
R2
α′
1
yh

∞∫
1
dy

1 + 1
y4f¯GB(y,yh)
f¯GB(1,yh)
1/2 − 1
− 1
 (5.29)
where f¯GB(y, yh) is a reduced form of fGB(U) defined by
f¯GB(y, yh) = 1−
√
1− 4λGB
(
1− y
4
h
y4
)
. (5.30)
For λGB 6= 0, both (5.28) and (5.29) cannot be evaluated in terms of hypergeometric
functions. In the limit LT  1 one can show [37] that
ReVQQ¯
T
= − 4pi
2
√
λ
Γ(1/4)4LT
(
1 +
c
a6
√
1− 4λGB
(LT )4
)
, (5.31)
where c is the constant given by (5.16)9.
We can also evaluate (5.28) and (5.29) numerically by fixing λGB and using yh as a
parameter. In Fig. 12 we show LT as a function of yh for λGB = 0 (4piη/s = 1) and
λGB = −0.25 (4piη/s = 2). We see that increasing λGB (decreasing η/s) lowers yh,max and
LTmax. However, as shown in Fig. 13, the behavior of ReVQQ¯ as a function of LT does
not change significantly with λGB. Moreover, one sees that the approximation in (5.31) is
excellent for the values of λGB considered here. In the end, the main effect of increasing
λGB is to reduce the allowed interval for LT .
Estimate of the Debye mass and its dependence on η/s
Using the simple fitting procedure described in section 5.1 we can obtain a simple estimate
for the Debye screening mass in GB gravity and its dependence with η/s. We use, as
before, the model (5.18) (with σ = 0). Since we do not have exact expressions for LT and
ReVQQ¯/T in this case, we cannot prove whether the real part of the potential computed
using the classical string shows exponential Debye screening or not. In any case, the
cautionary remarks previously made for N = 4 SYM are still applicable here and must be
kept in mind.
The fitting procedure is done as before for the case of SYM. Varying the values of λGB
(therefore, η/s) we obtain the results for mD shown in Fig. 14 (the parameters δ and C˜1
do not vary appreciably with respect to those found in the SYM calculation). Here we
consider both positive λGB (corresponding to 4piη/s < 1) and negative λGB (4piη/s > 1).
In Fig. 14, the shaded region denotes the result for mD computed using values of λGB that
lead to problems with causality. One can see that mD decreases with increasing η/s for the
allowed values of λGB. This result is reasonable since larger η/s in general means weaker
coupling, which in turns implies that heavy quark pairs are less screened by the medium.
9In [37] this corresponds to Eq. (34), which can be obtained after some manipulations involving gamma
functions. Here we have not performed the entropy subtraction done in [37] to obtain their Eq. (35).
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Figure 12. LT as a function of yh in the CFT dual to Gauss-Bonnet gravity. The solid black
curve is the result for λGB = 0 (4piη/s = 1); the dashed blue curve is the result for λGB = −0.25
(4piη/s = 2).
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Figure 13. ReVQQ¯/T as a function of LT in the CFT dual to Gauss-Bonnet gravity. The solid
black curve is the result for λGB = 0 (4piη/s = 1); the dotted-dashed red curve is the result for
λGB = −0.25 (4piη/s = 2); the dotted blue curve corresponds to the approximation in (5.31).
Imaginary part of the heavy quark potential in GB gravity
Using Eq. (4.15) we can calculate ImVQQ¯ in this theory and study its dependence on η/s.
The full expression, while easy to derive, is rather cumbersome and therefore omitted in
– 25 –
0.0 0.5 1.0 1.5 2.0 2.5 3.0
8
10
12
14
16
18
20
4ΠΗs
m
D

T
Figure 14. An estimate for the Debye screening mass mD as a function of 4piη/s in the strongly
coupled conformal plasma dual to Gauss-Bonnet gravity. The shaded blue region can be excluded
since mD in this region was determined using values of λGB that lead to problems with causality.
the text. However, a simple expansion for λGB  1 results in a more useful expression
ImVQQ¯
T
= − pi
√
λ
24
√
2
1
yh
[
(3y4h − 1) +
λGB
3
(9y4h − 34y8h + 9y12h )
]
+O(λ2GB). (5.32)
For λGB = 0 we recover the N = 4 SYM result (5.20). As before, enforcing ImVQQ¯ < 0
gives a lower limit for yh while the condition regarding the validity of the classical string
calculations gives a maximum value of yh (Fig. 12). In Fig. 15 we show the numerical
results for ImVQQ¯/T for λGB = −0.25. Only a small interval of LT is allowed in the
conservative approach and increasing λGB shifts this interval to the left. We also see that
(5.32) is a satisfactory approximation to the numerical result for λGB = −0.25.
5.3 Thermal width of Υ(1S) and its dependence on η/s
In Fig. 16 we present a lower bound for the thermal width ΓQQ¯ of the Υ(1S) state as a
function of η/s for λ = 9 and T ∼ 300 MeV. Since changing η/s changes the sampling
region for L, we have again that the shape of Fig. 16 reproduces the shape of the associated
ground-state Coulomb wave function. The shaded blue region denotes the values of the
width computed using values of λGB that lead to causality violations in the gauge theory.
Note that the thermal width, normalized by the value found in strongly coupled SYM,
decreases with increasing η/s.
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Figure 15. ImVQQ¯/T as a function of LT in the CFT dual to Gauss-Bonnet gravity. The full
black curve is the result for λGB = 0; the dashed blue curve is the result for λGB = −0.25; and the
dashed-dotted red curve corresponds to the approximation in Eq. (5.32).
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Figure 16. Lower bound for Υ(1S) thermal width ΓQQ¯ computed via Gauss-Bonnet gravity,
normalized by the N = 4 SYM result. We used the gauge theory coupling λ = 9 and T = 300 MeV.
The shaded blue region denotes the values of the width computed using values of λGB that lead to
causality violations in the gauge theory.
6 Conclusions and Outlook
In this paper we used the gauge/gravity duality to study the imaginary part of the heavy
quark potential in strongly coupled plasmas. This imaginary part can be used to estimate
the thermal width of heavy quarkonia in strongly coupled plasmas, which may be seen
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as the strongly coupled analog of the Landau damping induced thermal width found in
perturbative QCD calculations [8]. The thermal worldsheet fluctuation method, originally
developed in [12], was used here to obtain a lower bound for the thermal width of heavy
quarkonium states, such as the Υ(1S), in 2 different holographic toy models of the strongly
coupled quark-gluon plasma (QGP): strongly coupled N = 4 SYM at large Nc and the
strongly coupled CFT dual to GB gravity. Moreover, we proved a general result using
the thermal worldsheet fluctuation approach that establishes the connection between the
imaginary part of the heavy quark potential at nonzero temperature and the area law of
the Wilson loop at zero temperature.
In the case of strongly coupled SYM we found that the thermal width of Υ(1S) is
actually very small in comparison to the plasma temperature for reasonable (and large)
values of the t’Hooft coupling. The estimates previously made for this quantity in [12] have
been improved in the present paper and the nontrivial consistency conditions, discussed
at length in this manuscript, have conspired to bring down the previous value of the
thermal width to values that may be consistent with recent phenomenological models for
the quenching of heavy quarkonia in the QGP [40, 41]. It would be interesting to use the
imaginary contribution to the heavy quark potential found here to study other quarkonium
states [42].
Moreover, even though the real part of the heavy quark potential (computed with the
classical string approximation) does not show explicit exponential screening in a strongly
coupled N = 4 SYM plasma, a simple phenomenological estimate for the Debye screening
mass can still be extracted via a fit to the real part of the heavy quark potential. Surpris-
ingly enough, this rough estimate for the Debye screening mass is still in fair agreement
(within ∼ 11%) with the result obtained using the lightest CT-odd supergravity mode [17].
We also computed the thermal width of heavy quarkonia in the CFT dual to GB gravity
to study its dependence with η/s. For a fixed temperature of T = 0.3 GeV the width has
a maximum around η/s = 1/4pi and decreases for larger values of η/s. Following the
phenomenological procedure to extract the Debye mass from the real part of the potential
described above, we obtained an estimate for the dependence of mD with η/s in this gravity
model. Our results suggest that Debye screening effects decrease with increasing η/s in a
strongly coupled plasma.
In this paper we assumed that the plasma is isotropic and conformal10 and that the
QQ¯ pair is at rest with respect to the thermal bath. It would be interesting to general-
ize the calculations for the imaginary part of the heavy quark potential performed here
by considering gravity models dual to plasmas where these conditions are dropped. For
instance, one could compute the thermal width in an anisotropic strongly coupled plasma
[43, 44] or in non-conformal gravity models of the QGP such as [45, 46].
Note added: After this paper was submitted to the arxiv we became aware of Refs.
10Simple non-conformal models and the respective results for the imaginary part of the potential can be
found in Appendix C.
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[47, 48] where the imaginary part of the heavy quark potential was computed in a strongly
coupled anisotropic plasma using the method described here.
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A Covariant expansion of the Nambu-Goto action around the classical
solution
Expansions of the string action around a given classical solution of the equations of mo-
tion, Xµ0 (τ, σ), are somewhat nontrivial since the worldsheet fluctuations δX
µ(τ, σ) do not
transform simply under reparametrization [49]. Thus, the way the fluctuations around the
classical solution were included in Section 4, though correct, are not manifestly covariant.
In this section we perform a covariant expansion of the determinant of the worldsheet
metric around a generic solution of the classical string equations of motion.
A fluctuation of the string worldsheet can be written as [49]
Xµ0 + δX
µ = Xµ0 + ξ
µ − 1
2
Γµρλ(X0)ξ
ρξλ +O(ξ3) (A.1)
where ξµ(τ, σ) transforms as a vector under reparametrization (which plays the role of
Riemann normal coordinates [50]). Derivatives with respect to the worldsheet variables τ
and σ are given by
∂a(X
µ
0 + δX
µ) = ∂aX
µ
0 +Daξ
µ +
1
3
Rµνρλ(X0)ξνξρ∂aXλ0 +O(ξ3), (A.2)
where Rµνρλ is the Riemann curvature tensor and Da is defined as
Daξ
µ ≡ ∂aξµ + Γµνρ(∂aXµ0 )ξρ . (A.3)
Note that using the chain rule one obtains Daξ
ν = Dµξ
ν∂aX
µ
0 , where Dµ is the usual space
time covariant derivative with an affine connection. This motivates the definition (A.3) as
the covariant derivative of ξ on the worldsheet. The expansion for the background metric
becomes
Gµν(X0 + ξ) = Gµν(X0)− 1
3
Rµνρλ(X0)ξρξλ +O(ξ3) . (A.4)
Using the equations (A.2) and (A.4) we obtain for the induced metric on the worldsheet
hab = Gµν∂aX
µ∂bX
ν , up to second order in ξ,
hab = h
(0)
ab + h
(1)
ab + h
(2)
ab +O(ξ
3) (A.5)
where
h
(0)
ab = ∂aX0 · ∂bX0, (A.6)
h
(1)
ab = ∂aX0 ·Dbξ + ∂bX0 ·Daξ and (A.7)
h
(2)
ab = Daξ ·Dbξ + ∂aXµ0 ∂bXν0Rµνρλξρξλ. (A.8)
where the inner product here is defined with respect to the background metric, i.e, A ·B =
GµνA
µBν . Eq. (A.5) takes into account the effect of worldsheet fluctuations on the induced
worldsheet metric in an explicitly reparametrization invariant manner.
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To show that this procedure yields the same results as the non-covariant approach
developed in the main text, we use the AdS5-Schwarzschild metric (5.1) in the formulas
above. We also use the static gauge for the worldsheet embedding functions and, thus,
τ = t and σ = x and the classical solution is Xµ0 = (t, x, 0, 0, Uc(x)). As before, the
fluctuations are δXµ = (0, 0, 0, 0, δU(x)). Then, using the inverse of (A.1) into (A.5) and
evaluating the induced metric determinant h = det hab we obtain in the end
− h =
(
dUc(x)
dx
)2
+
1
R2
(U4 − U4h) +
4U3
R4
δU +
6U2
R4
δU2 +O(δU3) . (A.9)
The saddle point approximation for e−SNB can also be obtained by taking the extremum
of h with respect to δU . The extremum of (D.1) occurs at δU¯ = −U/3, which yields
− h¯ =
(
dUc(x)
dx
)2
+
U4 − 3U4h
3R4
. (A.10)
Now, dUc/dx is given by the classical solution (3.3) and, thus, we obtain the following
expression for the (regularized) effective action after integrating over τ and defining the
dimensionless variables y = U/Uh and yh = Uh/U∗
S =
T
piα′
U∗
∫ ∞
1
dy
{√(
y4 − y4h
y4 − 1
)
− 2
3
y4(1− y4h)
(y4 − 1)(y4 − y4h)
− 1
}
− T
piα′
U∗. (A.11)
Eq. (A.11) gives both the real and imaginary parts of VQQ¯. Note that second term
inside the square root above represents the contribution from worldsheet fluctuations and
this term only becomes relevant close to the bottom of the classical string solution at U∗
(also, see that this term is well behaved in the UV, y → ∞, which is expected since it
comes solely from thermal effects). The shift in ReVQQ¯ due to fluctuations is easier to
obtain in the covariant approach and it can be determined from Eq. (A.11). For T = 0
(i.e., yh = 0), (A.11) can be evaluated in terms of hypergeometric functions as explained
in Appendix B. The result is
VQQ¯ = −
4pi2
Γ(1/4)4
R2
α′ 2
F1
[
−1
2
,−1
4
;
1
4
;
2
3
]
1
L
. (A.12)
Since 2F1[−1/2,−1/4; 1/4; 2/3] = 1.38, we see that long wavelength worldsheet fluctuations
change the vacuum result for N = 4 SYM by ∼ 40% (which can be accommodated, for
instance, by rescaling the t’Hooft coupling).
In Fig. 17 we show the effect of fluctuations on the real part of the potential while
in Fig. 18 we compare the results for the imaginary part of the potential computed using
the covariant method and the non-covariant method developed in the main text. The real
part of the part of the potential changes slightly due to fluctuations while the imaginary
part is almost unaffected by the choice of method. This is expected since in the non-
covariant approach we focus mainly on fluctuations near the bottom of the string while in
the covariant approach long-wavelength fluctuations along the whole worldsheet are taken
into account. Since the imaginary part is generated by the fluctuations near the bottom of
the string both approaches are equivalent to determine ImVQQ¯.
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Figure 17. ReVQQ¯/(T
√
λ) as a function of LT for the strongly coupled N = 4 SYM plasma.
The solid line is the real part calculated without considering thermal fluctuations on the string
worldsheet while the dashed line is the real part of the potential including the fluctuations.
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Figure 18. ImVQQ¯/(T
√
λ) as a function of LT for the strongly coupled N = 4 SYM plasma. The
solid (dashed) line is the result from the non-covariant (covariant) method, respectively.
B Some useful formulas for the evaluation of Wilson loops
In this Appendix we present some useful techniques to evaluate the integrals found in the
calculation of Wilson loops via the gauge/gravity correspondence. All the integrals and
properties studied in this section can be found, for example, in [51]. The main idea is to
use integral representations of the beta and the (Gaussian) hypergeometric functions to
perform the integrals that appear in the study of holographically computed Wilson loops.
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Beta function
A recurring integral found in these calculations is the beta function
B(a, b) ≡
∫ 1
0
ta−1(1− t)b−1dt (B.1)
with Re(a), Re(b) > 0. This function satisfies the reflection property
B(a, b) = B(b, a) (B.2)
and is related to the gamma function by
B(a, b) =
Γ(a)Γ(b)
Γ(a+ b)
. (B.3)
For example, for N = 4 SYM at strong ’t Hooft coupling (and T = 0) one finds that
the relation between U∗ and L is given by Eq. (5.3)
L
2
=
R2
U∗
∞∫
1
dy
1
y2
√
y4 − 1 . (B.4)
Therefore, changing variables to t = 1/y4 and using (B.1) one finds
L
2
=
R2
U∗
1
4
B(3/4, 1/2) =
R2
U∗
Γ(1/2)Γ(3/4)
Γ(5/4)
. (B.5)
To simplify (B.5) a bit further it is useful to remember that the gamma function
satisfies
Γ(z + 1) = zΓ(z) and (B.6)
Γ(1− z)Γ(z) = pi
sin(piz)
. (B.7)
Therefore, Γ(1/2) =
√
pi. Moreover, we have that Γ(3/4) =
√
2pi/Γ(1/4) and Γ(5/4) =
Γ(1/4)/4. We finally obtain (5.6)
L
2
=
R2
U∗
√
2pi3/2
Γ(1/4)2
. (B.8)
The same procedure can be applied to VQQ¯ in Eq. (5.5). To avoid having a or b with
a negative real part, one introduces a factor yγ in the integrand, performs the integration,
and then takes γ → 0. This gives the expression in Eq. (5.7).
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Gaussian hypergeometric function
The Gaussian hypergeometric function 2F1 can be defined by the power series
2F1(a, b; c; z) ≡1 + ab
1! c
z +
a(a+ 1)b(b+ 1)
2! c(c+ 1)
z2+
+ · · ·+ a(a+ 1) · · · (a+ n)b(b+ 1) · · · (b+ n)
n! c(c+ 1) · · · (c+ n) z
n + · · · , (B.9)
where a, b, c, z are real numbers, with c 6= −1,−2, · · · . The series converges for |z| < 1
while for the rest of the complex plane 2F1 is obtained by analytic continuation.
We are mainly interested in the following integral representation of 2F1
2F1(a, b; c; z) =
1
B(b− c,b)
∫ 1
0
tb−1(1− t)c−b−1(1− zt)−adt . (B.10)
This representation is valid for |z| < 1 and for Re(c) > Re(b) > 0. This relation follows
immediately from the binomial theorem and Eq. (B.1).
Eq. (B.10) was used in (5.11) for thermal N = 4 SYM at strong ’t Hooft coupling to
find
LT (yh) =
2
pi
yh
√
1− y4h
∞∫
1
dy√
(y4 − y4h)(y4 − 1)
. (B.11)
Applying the change of variables t = 1/y4 we find that
LT (yh) =
2
√
2pi
Γ(1/4)2
yh
√
1− y4h 2F1
[
1
2
,
3
4
;
5
4
; y4h
]
. (B.12)
The same procedure can be applied to determine ReVQQ¯/T in Eq. (5.12), which leads to
(5.14)
ReVQQ¯
T
= −R
2
α′
√
2pi3
Γ(1/4)2
1
yh
2F1
[
−1
2
,−1
4
;
1
4
; y4h
]
. (B.13)
The series definition of 2F1 (B.9) also simplifies the derivation of the series expansion
in (5.15). For example, for LT < 1 we find, up to linear terms on y4h,
LT
2
Γ(1/4)2√
2piyh
= 1− 1
5
y4h. (B.14)
For ReVQQ¯/T in (B.13) we obtain
− ReVQQ¯
T
α′
R2
Γ(1/4)2√
2pi3/2
yh = 1 +
1
2
y4h. (B.15)
Therefore, after multiplying (B.14) and (B.15) and using (B.14) to zeroth order in y4h we
obtain the following expression valid to order (LT )4 (5.15)
ReVQQ¯
T
= − 4pi
2
√
λ
Γ(1/4)4LT
(1 + c(LT )4), (B.16)
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with c = 3Γ(1/8)8/(5 · 27pi2). The same reasoning also shows that the series expansion of
ReVQQ¯/T is of the form
[
1 + a4(LT )
4 + a8(LT )
8 + · · · ] /(LT ).
As a last remark, note that the derivative of 2F1 with respect to z is
d
dz
2F1(a, b; c; z) =
ab
c
2F1(a+ 1, b+ 1; c+ 1; z) . (B.17)
If the real part of the potential has the general form V ∝ e−mD/T (LT )/(LT )δ then
d
d(LT )
[
(LT )δ
V
T
]
= −mD
T
(LT )δ
V
T
. (B.18)
However, by (B.17), the holographically computed potential given by (B.12) and (B.13)
does not satisfy this condition because
d
d(LT )
[
(LT )δ
ReVQQ¯
T
]
=
d
[
(LT )δ
ReVQQ¯
T
]
/dy4h
d(LT )/dy4h
6= −mD
T
(LT )δ
ReVQQ¯
T
. (B.19)
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C Some other results involving Wilson loops
In this section we apply the formalism developed in the main text to calculate heavy quark
potentials and their imaginary parts in a slightly more general class of gravity duals which
include, as an interesting subset, the low energy theories of coincident stacks of Type II
Dp-branes. While some of these results were initially discussed in [52], as far as we know,
a complete evaluation of VQQ¯ and its imaginary part have not been presented before.
This section is organized as follows. First we present the class of metrics we use. We
then calculate the Polyakov loop and ReVQQ¯. An approximation for small L is discussed.
Finally, we show the results for the imaginary part of VQQ¯ in these theories.
C.1 Gravity duals considered
We consider the gravity duals described by the following metric (in the string frame)11
ds2 =
(
U
R
)α{
−
[
1−
(
Uh
U
)2α]
dt2 + dxidx
i
}
+
(
R
U
)β [
1−
(
Uh
U
)2α]−1
dU2 (C.1)
where R is a constant, i runs from 1 to D − 1 and D is the total number of dimensions of
the corresponding gauge theory. From the confinement criteria [22], we see that as long as
α ≥ β the theory does not confine (in the sense of an area law for the rectangular Wilson
loop).
The black brane temperature is
T =
α
2piR
(
Uh
R
)α+β−2
2
(C.2)
and the entropy density is
s =
1
4G5
(
Uh
R
) 3α
2
. (C.3)
Polyakov loop
We start by calculating the Polyakov loop in this class of theories. The unregularized
expression for the heavy quark free energy is given by
FnregQ =
1
2piα′
R
β−α
2 U
2+α−β
2∗
∫ ∞
yh
y
α−β
2 dy. (C.4)
We have three possibilities. If α−β < −2, then there is no UV divergence. If α−β = −2, the
integral diverges logarithmically. If α−β > −2 the UV divergence is worse than logarithmic.
11In principle, we could generalize this metric a bit further by making the change 2α→ γ in the exponent
of the terms inside the square brackets. However, the expressions obtained cannot be integrated using the
method discussed in B. Moreover, the analysis of the UV divergence gets more involved since in this case
the metric is not asymptotic AdS. For these reasons, we keep the form of the metric shown in (C.1).
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If α−β ≥ −2 we use the temperature independent regularization ∫∞0 dy y(α−β)/2 and, with
this choice, the final regularized expression for FQ is the same regardless of the sign of
α− β
FQ = − 1
piα′
R
β−α
2 U
α−β+2
2∗
2 + α− β y
α−β+2
2
h if α− β ≥ −2 (C.5)
and the Polyakov loop is simply |〈tr L(T )〉| = e−FQ/T .
Real part of the heavy quark potential
We can now proceed to the calculation of the real part of the heavy quark potential. Using
(3.6) and adopting the regularization used for FQ, we have
L
2
=
R
α+β
2
U
α+β−2
2∗
√
1− y2αh
∞∫
1
dy
y
α−β
2√
(y2α − y2αh )(y2α − 1)
(C.6)
and
ReVQQ¯ =
R
β−α
2 U
2+α−β
2∗
piα′

 ∞∫
1
dy y
α−β
2
√y2α − y2αh
y2α − 1 − 1
− 2
α− β + 2
 . (C.7)
The evaluation of the integrals in both (C.6) and (C.7) proceed as discussed before.
The results are
L
2
=
R
α+β
2
U
α+β−2
2∗
√
1− y2αh
1
2α
B
(
5α− β − 2
4α
,
1
2
)
2F1
[
1
2
,
5α− β − 2
4α
;
7α− β − 2
4α
; y2αh
]
(C.8)
and
ReVQQ¯ =
R
β−α
2 U
2+α−β
2∗
piα′
1
2α
B
(
β − α− 2
4α
,
1
2
)
2F1
[
−1
2
,
β − α− 2
4α
;
α+ β − 2
4α
; y2αh
]
.
(C.9)
Imaginary part of the heavy quark potential
We can also calculate ImVQQ¯ via equation (4.15) and obtain
ImVQQ¯ = −
1
4
√
2α′
1
α
(
Uh
R
)α−β
2 Uh
y
α−β+2
2
h
1
4α− 2
[
(4α− 2)y2αh − 2α+ 2
]
. (C.10)
The condition ImVQQ¯ < 0 implies that
yh >
(
α− 1
2α− 1
) 1
2α
. (C.11)
Note that one must require that α > 1/2 for (C.11) to be well defined. One can check that
the formulas above give the correct AdS5 limit given by α = β = 2.
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C.2 Expansion for small yh
The expressions for L and ReVQQ¯ in (C.8) and (C.9) can be expanded for small LU
α+β−2
2
h ∼
LT . This amounts to an expansion in small yh. By the same procedure applied before we
obtain in this approximation
ReVQQ¯ ∝
1
L
α−β+2
α+β−2
(
1 + cU2αh L
4α
α+β−2
)
, (C.12)
where c is a positive constant. The gauge theory has conformal behavior (i.e., VQQ¯ ∝
(1/L)(1 + c(LT )δ) only when α = β = 2, which corresponds to the gravity dual in AdS5.
C.3 Results for Dp-branes
The results of the previous sections can be applied to a special class of metrics corresponding
to the (near horizon) supergravity solutions of stacks of Dp-branes in type II superstring
theories. We start by writing the supergravity metric (in the string frame) for N coincident
near-extremal black Dp-branes in the near-horizon limit [53],
ds2 =
(
U
R
)( 7−p2 ) [−f(U)dt2 + dxidxi]+ (R
U
)( 7−p2 ) dU2
f(U)
+
+ gYM
√
dpNU
p−3
2 dΩ28−p (C.13)
where i runs from 1 to p,
R
7−p
2 = gYM
√
dpN, (C.14)
dp = Γ
(
9− p
2
)
211−2ppi
13−2p
2
9− p and (C.15)
f(U) = 1−
(
Uh
U
)7−p
. (C.16)
The dilaton field φ is given by
eφ = (2pi)2−pg2YM
(
R
U
) (7−p)(3−p)
4
. (C.17)
Note that taking p = 3 in (C.13) corresponds to the AdS5 case. Only in this case the
geometry separates in a product of a p+2 dimensional spacetime and an 8−p dimensional
sphere. In the following we assume a fixed configuration for the compact coordinates. Also,
note that if p 6= 3 the dilaton runs and, thus, the dual gauge theory is not conformal even
in the vacuum.
The metric is now of the form (C.1) with α = β = (7 − p)/2. The results of the
previous sections then apply and the (regularized) heavy quark free energy is
FQ = − 1
2piα′
Uh (C.18)
– 38 –
while
L
2
=
R7−p
U
5−p
2∗
√
1− y7−ph
1
7− pB
(
6− p
7− p,
1
2
)
2F1
[
1
2
,
6− p
7− p ;
19− 3p
14− 2p ; y
7−p
h
]
(C.19)
and the real part of the potential is
ReVQQ¯ =
U∗
piα′
1
7− pB
(
− 1
7− p,
1
2
)
2F1
[
−1
2
,− 1
7− p ;
5− p
14− 2p ; y
7−p
h
]
. (C.20)
Moreover, one can use (4.15) to find
ImVQQ¯ = −
1
4
√
2α′
1
(6− p)(7− p)
Uh
yh
[
(12− 2p)y7−ph − 5 + p
]
. (C.21)
For the last equation to be valid the following condition must be satisfied
yh >
(
5− p
12− 2p
) 1
7−p
. (C.22)
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D Curvature scalar on the string worldsheet
In this appendix we study the curvature scalar R associated with the induced metric on
the string worldsheet. As a specific example, we will focus on the Schwarzschild/AdS5
metric (5.1). Our main aim is to evaluate the curvature scalar at the bottom of the
string at finite LT , R(LT ), and compare it with the corresponding T = 0 result, R(0).
If R(LTmax)  R(0), this signals that near the maximum of LT , LTmax, highly curved
string worldsheet configurations start to become relevant. This, in particular, means that
one should take care in interpreting LTmax as a screening length of the quark-antiquark
pair.
For the metric (5.1), the induced metric hab = Gµν∂aX
µ∂bX
ν on the string worldsheet
configuration for the rectangular Wilson loop (in the static gauge) is given by
hττ =
1
4R2
(
U4h
U(x)2
− U(x)2
)
,
hσσ =
1
4R2
(
U(x)2 +
4R2U(x)2U ′(x)2
U(x)4 − U4h
)
and
hτσ = hστ = 0. (D.1)
Computing the curvature scalar R using this metric and using the equation of motion (3.3)
to remove U ′(x) and U ′′(x) from the resulting expressions, one finds
R =
2R6
(
R8(3U4h−U(x)4)(U4∗−U(x)4)
2
(U4h−U4∗)
2 + 2U(x)
4
(
U8h − U(x)8
)
+
(U4h−U(x)4)(6U4hU(x)4+U(x)8−3U8h)(U(x)4−U4∗)
U4h−U4∗
)
U(x)4
(
U4h − U(x)4
)2( R8(U(x)4−U4∗ )
(U4h−U4∗)(U4h−U(x)4)
+ U(x)4 − U4h
)2 .
(D.2)
At the bottom of the string, U(0) = U∗. Then, (D.2) reduces to (yh = Uh/U∗),
R(yh) = −
4R6
(
y4h + 1
)
U8∗
(
1− y4h
)3 . (D.3)
The T = 0 curvature scalar is found by fixing yh = 0 in the equation above. In this case,
we may use (5.6) to obtain R explicitly as a function of L and obtain
R(T = 0) = − Γ
(
1
4
)16
1024pi12
L8
R10
. (D.4)
One can see that the curvature scalar is well behaved for any finite L when T = 0.
The ratio between the curvature scalars for T 6= 0 and T = 0 at the bottom of the
string is given by
R(yh)
R(0) =
1 + y4h
(1− y4h)3
. (D.5)
Note that this ratio diverges for yh → 1. This means that a string worldsheet that stretches
up to the horizon is highly curved and must receive quantum corrections. In other words,
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the classical configurations with yh > yh,max = 0.85 are highly curved and must be dealt
with care. Already for yh = yh,max, we have R(yh,max) ∼ 15R(0). In Fig. 19 we present a
plot of the ratio R(yh)/R(0) as a function of yh.
0.0 0.2 0.4 0.6 0.8 1.0
0
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15
20
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R HyhL
R H0L
Figure 19. The ratio of curvature scalars R(yh)/R(0) as a function of yh associated with the
worldsheet metric for the strongly coupled N = 4 SYM plasma. The ratio diverges when the
bottom of the string reaches the horizon (where yh = 1).
Now we can use (5.13) to solve for yh as a function of LT in the branch 0 < y < yh
and evaluate R as a function of LT , up to LTmax, as in Fig. 20. We see that for LT ∼
LTmax, R(LT ) ∼ 10R(0), which corresponds to a situation of high curvature on the string
worldsheet.
0.10 0.15 0.20 0.25 0.30
0
2
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10
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Figure 20. The ratio of curvature scalars R(LT )R(0) as a function of LT , up LTmax, associated
with the worldsheet metric for the strongly coupled N = 4 SYM plasma. The vertical line denotes
LT = LTmax where R(LTmax) ∼ 10R(0).
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